Special Topics: Probability— Final Examination
Date : 24th April, 2025. Time : 10 AM - 1 PM.
Total Marks: 50 Duration: 3 Hours

All ten questions carry 5 points. If you are using results from notes,
please quote/cite them appropriately. Results from a question can be
used to answer later questions.

The aim of this series of questions will be to verify cutoff under product condition
when mizing is considered with respect to LP-norm for 1 < p < oo.

Let X = (X;)i>0 be a discrete time irreducible Markov chain on a countable state
space S with the stationary distribution «. For all ¢ > 0, all bounded measurable
f:S—Randall z €8S, let

(Pef)(x) := E(f(X:)| Xo = ).

For € P, the set of probability measures on S and t > 0, define

= pb,

where

/ F (@) (P (dr) = / (P (@) u(dz).

I£1= | [ 17 pr(an) '

with || f||« taken to be the essential supremum of f. And say f € L? if || f]|, < oco.

Thus we have that
1
= | [ |45 1] wta)]

1 Basic properties of Norms

Define for p € [1, o0,

x

@ Show the following (i) Py o P, = P, for all s,t > 0 ; (ii) if Xy ~ p then
Xy ~ py; (i) 7(s) > 0,Vs € S.

@ Prove that f € LP implies that (P, f) € LP and ||P||,, = 1, where || - ||, is
the operator norm on LP.

@ Show that for ¢~ + p~! = 1, we have

L
|= —1][, = sup (u—7)(9).
T geLY
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@ Verify that

p f 0
1= =1l = 2|p = 7llrv and [|= = 1[5 = Varg(%).
T s T

@ Show that for any probability measure y the function ¢ ~— [|£ — 1|, is non-
increasing.

2 Bounds on LP-Mixing time

Define the spectral gap to be the largest constant A > 0 such that for all £ > 0 and
fel?
1Pf = m(F)ll2 < e[| £l

where 7(f) = [ fdr. We assume now onwards that the chain is ergodic i.e.,
A > 0.

Let pg, p1 be two numbers such that 1 < pg < p; < co. Then for 0 < 6 < 1,

define py by: . L s

Do P p

(6) Prove that || f|l,, < | fIIL°f1|% for all f € Lro N LP.

The RIESZ-THORIN INTERPOLATION THEOREM gives the following: For a linear
operator T' : LP° N [Pt — [P0 N LP* that boundedly maps LP°, LP* into LPo, [P

respectively, it holds that
1T llpe < 1715 Il

p1?

where pg, p1, pg, 0 are as in the previous question.

@ Show that for all 1 < p < oo,
1P = 7llpp < Cpe™ ",
where C), := 21'=2/Pl and ¢, = 1 — |1 — 2/p|. Hint: Start with p = 1,2, c0.

For ¢! 4+ p~! = 1, show that

et i -
| 7:5 - 1”p < Gy ||? - 1||p€ Aas,



3 Product condition implies LP’-Cutoff
Let d(t) := sup,¢p ||2* — 1|[,. Define for p € [1,00) and n > 0
Toniz := Trmiz(p,m) == inf{t > 0:d(t) < n}.

Let 1 < p < 0o. Consider a sequence of processes X ™ on state space S™ with
corresponding stationary distributions 7(. Assume that the product condition is
satisfied for some n > 0:

lim /\nTéfi; = 00,
n—o0

where )\, is the spectral gap for X and T =T TEZ; (p,n) for some fixed n > 0.

mix

We will show that the cutoff phenomenon occurs under the product
condition i.e., show that the following hold

@ sup d(t) — 0,

t> (14e)T)

mix

and inf  d(t) = oo.

t< (175)T<n-)

miz



